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ABSTRACT

In this paper, the authors reviewed the literature on computa-

tional aspects of the distributions of the likelihood ratio statistics

for testing various hypotheses on the covariance matrices and mean

vectors of complex multivariate normal populations. Applications of

some of these test procedures in the area of inference on multiple

time series in the frequency domain are also discussed. In the Appendix,

the authors give tables which are useful in implementation of various

likelihood ratio test statistics discussed in this paper.

Key words and phrases:

Complex multivariate normal, homogeneity of populations, likelihood

ratio tests, multiple independence, multiple time series in the frequency

domain, and tables.
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I. Introduction

It is known that certain estimates of spectral density matrices of

the stationary and Gaussian multiple time series are distributed approxi-

mately as complex Wishart matrices. So, complex multivariate distributions

are useful (e.g., see Brillinger (1974), and Hannan (1970)) in the area

of inference on multiple time series. These distributions are useful in

the area of nuclear physics (see Carmeli (1974)) also.

Wooding (1956) introduced the complex multivariate normal distribution.

A complex random vector is said to be distributed as a complex multivariate

normal if its real and imaginary parts are distributed jointly as a multi-

variate normal with a structered covariance matrix. Motivated by applica-

tions in time series, Goodman (1963a, b) made a systematic study of the

complex multivariate normal distribution and complex Wishart matrix. Since

then, James (1964), Khatri (1965), Krishnaiah (1976) and other workers in

the field have investigated various aspects of complex multivariate distribu-

tions. For a review of the literature on complex multivariate distributions,

the reader is refered to Krishnaiah (1976). In this paper, we review the

literature on the likelihood ratio tests on mean vectors and covariance

matrices of the complex multivariate normal populations as well as some of

their applications in the area of inference on multiple time series in

the frequency domain.

In Section 2 of this paper, we discuss the complex multivariate normal

and complex Wishart matrix. The distribution of the determinant of the com-

plex multivariate beta matrix is discussed in Section 3, whereas Section 4

is devoted to the likelihood ratio test procedure for testing the hypothesis

of multiple independence of several sets of variables when their joint distribu-

tion is complex multivariate normal. Likelihood ratio tests for the hypothesis of
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sphericity and the hypothesis specifying the covariance matrix are discussed

in Sections 5 and 6 respectively. In Section 7 we discuss the likelihood

ratio test for the homogeneity of the covariance matrices whereas the

likelihood ratio test procedure for the homogeneity of several complex

multivariate normal populations is discussed in Section S. Likelihood

ratio test procedure specifying the covariance matrix and mean vector is

discussed in Section 9. Applications of some test procedures on the covari-

ance matrices of the complex multivariate normal populations to the area of

inference on multiple time series in the frequency domain are discussed in

Section 10. Various tables useful in implementation of certain likelihood

ratio test procedures are given in the Appendix. These tables are constructed

by approximating a suitable power of the likelihood ratio statistics with

Pearson's Type I distribution by using the first four moments. The accuracy

of these tables is found to be good.
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2. Complex Multivariate Normal and Complex Wishart Distributions

Let z - x + iy where x and y are of order pxl and (x', y') is distri-

buted as 2p-variate normal with mean vector (vjp> and covariance matrix

C 1 2) (2.1)

_(Z2 1)

where A' denotes the transpose of A. Then, the distribution of z is known

to be the complex multivariate normal distribution with mean vector 11 and

covariance matrix Z where v =u + ip2 and Z-2(E I- iz2). The probability

density function (p.d.f.) of z is given by

f(z) = 1 exp{-(-i)'Z- I (z-)} (2.2)

whereas the characteristic function of z is

1t) - expi t -, (2.3)

where t = t1+it2 and t is the complex conjugate of t. Wooding (1956) derived

expressions for the p.d.f. and characteristic functior of z. The

Maximum likelihood estimates of V and Z based on a random sample

(zi ... Zn) are known to be

1 = N z.
J= j

N (2.4)

E N 1 J(Z (z
i.-i
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Also, v and Z are distributed independent of each other.

Next, let S = NZ. Then, the distributio- of S is known to be a central

complex Wishart matrix with noN-l degrees of freedom. The probability density

of S is known (Goodman (1963b)) to be

f(S) ISIn-p etr{-Z-l S} (2.5)

p(p-l)/2 p

11 r (n-j+l) E n

j=l

where qtr B denotes the exponential of the trace of the matrix B.
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3. Distribution of the Determinant of the Complex Multivariate Beta

Matrix

In this section, we discuss the distribution of the determinant of the

complex multivariate beta matrix. This distribution ib useful for testing

the hypothesis of the equality of several mean vectors and the equality of

two covariance matrices when the underlying distributions are complex multi-

variate normal. It is also useful in testing the hypothesis H 1:E12=0

where Z12 is the covariance between two sets of variables whose joint distri-

bution is complex multivariate normal.

Let A1 : pxp and A2 : p xp be independently distributed as the central com-

plex Wishart matrices with n and q degrees of freedom, and let E(AI/n) =

E(A2/q)= 2. Then AI(A I +A2) 
1 is known to be a (central) complex multivariate(2/q) =ope Euliva2at

beta matrix. Now, let

U - 1A1(A1+A 2)-I1. (3.1)

The h-th moment of U is known to be

h P r(n+h-j+l) r(n4q-i+l)
ECU) 11 - .(3.2)

j rl (n-j +l) r (n+h-q-j+l)

1/bUsing the first four moments of U , Lee, Krishnaiah and Chang (1975) have

approximated the distribution of U1/b with the Pearson's Type I distribution

where b is a properly chosen integer. The constant b is chosen to be equal

to I or 2 according as M> 20 or M<20 where M - n - p+1. By making use

of this approximation, values of cI are computed, where

P[C l<c 1] - (1-a), (3.3)

2 2o

C1  - (2n+q-p) log U/X2pqa , and X2pq, is the upper 100 a /o value of
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X with 2pq degrees of freedom. The values of cI are computed for a - 0.005,

0.01. 0.025, 0.05, 0.1, 0.90, 0.95, 0.99, 0.995, M - 1(1)10(2)20, 30, 60, 120,

where 1 - n-p+l. These values are given in a technical report by Lee,

Krishnaiah and Chang (1975). The upper 5Z and 1Z points are reproduced in

Table 7 of this chapter. To check for the accruacy of the entries in Table

7, the above authors compared some of the values obtained by the Pearson type

approximation with the corresponding exact values. These comparisons are given

in Table 1.

Table 1

Comparison of the Pearson type Approximation with exact expression for

the Distribution of c1

pi=2 qi=3 p-2 q-20

M a L-K-C Exact a L-K-C Exact
1 0.05 1.286 1.289 0.05 1.928 1.932
1 0.01 1.350 1.349 0.01 2.085 2.080
5 0.05 1.029 1.029 0.05 1.243 1.243
5 0.01 1.033 1.033 0.01 1.262 1.262
9 0.05 1.010 1.011 0.05 1.122 1.128
9 0.01 1.012 1.012 0.01 1.137 1.137

The constant a in Table 1 is defined by Eq. (3.3). Also, the values under

the column "L-K-C" are the values of c1 obtained by Lee, Krishnaiah and

Chang (1975) using the Pearson type approximation whereas the values under

the column "Exact" are the corresponding values given by Gupta (1971). Table

1 indicates that the accruacy of the Pearson type approximation is sufficient

for practical purposes.
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4. Test for Independence of Sets of Variates

L ' ( ) be distributed as a complex multivariate normalLetz. (1 ... q

distribution with mean vector P' C(i,..., ) and covariance matrix Z. Also,
11 -q

let E zi-vi) (a.-ii), £i' and E(zi) = w . It is assumed that zi is of

order pi xl and pl+...+pq f s. In this section we discuss the problem of

testing the hypothesis H2 where

H2: Eij 0 (4.1)

for i j=l,...,q. Now let

All 1A2 A lq

A 21 A 22 A. A2q

A=

L A q I Aq2 ... A qq

where

N N N

gh 1 ( gj g ). h j 
-h. g. j=l

and (7',...,z'q) is j-th independent observation on (z ..... z').q
_ 1j" q -1' -

The likelihood ratio statistic for testing H2 is

2 q 4.2)
2 q

In the analogous real case, Wilks (1935) derived the likelihood ratio test

for multiple independence. The hth moment of 12 is

h) LsF(n+h-i+l q pi (nh-,+l)(.3
-1 r(n-j+l) i r(n+h-+l)(
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where n =N-1 and r(.) is the complete gamma function. The distribution of

2 is approximated by Pearson's type I distribution with density

g(x) {B(a+l,e+l)(C 1 00 )++l}_ (x-C 0 ) C(a 1 -x) E (4.4)

where a0 < x < a1 and a and e are some real numbers.

Approximate percentage points of the distribution of A2 = -2 log A2 are

constructed by Krishnaiah, Lee and Chang (1975, 1976) for p.=p=1,2,3; q=3,4,5;

= 0.01, 0.05, 0.10; M = 1(1)20(2)30 where M = n-s-3, and

Pr[ 2 < c2 1H2] = (1-a). These percentage points are reproduced in Table 8.

Percentage points for q=2 are given in Table 7.

Now, consider a class of statistics W(O < W < 1) whose moments are. of

the form 
a

c y. a R r[xk(l +h) + k]
EWh y. Xk k=, h = 0, 1,... (4.5)Ew = ny J n k  c

jl 3 k~l IT r [y. (1 +h) +y.1j-1 3 k3
j=l

a c
where K is a normalizing constant such that E{W ° } = 1 and 3 xk = yj.

k=1 j=l

The likelihood ratio test statistics considered in this chapter are

special cases of the above class of statistics. Box (1949) gave explicitly

the first few terms of an asymptotic expression for the distribution of a

class of statistics whose moments are of the form (4.5). But the first few

terms alone are not sufficient to get the desired degree of accuracy in

a number of practical situations. So, Lee, Krishnaiah and Chang (1976)

-15
gave terms up to order n explicitly. In Table 2, given below, a

comparison of the values obtained by using Pearson type approximation is

made with the corresponding values obtained by the asymptotic expression

-13
of order n
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Table 2

Comparison of the Pearson Type Approximation with the Asymptotic

Expansion for the Distribution of 2

ni q =3 p .i q -4 p= - 2 -5 p

C 2  t1 1 2 c2 1 2 c2 a1 2

10 1.459 0.05 0.0499 - - - 4.011 0.05 0.04S7
10 1.949 0.01 0.0100 - - - 4.811 0.01 0.0095
15 0.923 0.05 0.0500 5.733 0.05 0.0479 2.435 0.05 0.0497
15 1.233 0.01 0.0100 6.496 0.01 0.0093 2.914 0.01 0.0099
20 0.675 0.05 0.0500 3.958 0.05 0.0493 1.752 0.05 0.0499
20 0.902 0.01 0.0100 4.479 0.01 0.0098 2.096 0.01 0.0100
30 0.439 0.05 0.0501 2.455 0.05 0.0498 1.124 0.05 0.0500
30 0.587 0.01 0.0100 2.777 0.01 0.0099 1.344 0.01 0.0100

In this table, a is the value of a if we use the Pearson type

approximation and a2is the value of ai if we use the asymptotic expression

of order n-13 . From the table, we observe that the accuracy of the Pearson

type approximation is sufficient for practical purposes.
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5. Test for Sphericity

The likelihood ratio statistic for testing H3* Z = a2E0 is given by

JA Z-i1
3  0 (5.1)

(tr A 

(5)/s)S

0

where E is known, A was defined in Section 4 and trA denotes the trace of
0

th
A. The h moment of A3 is known to be

E(hh) s r (sn) S r(n+h-j +1) (5.2)

3  r(sn + sh) ' r(n-j + 1)

Mauchly (1940) derived the likelihood ratio statistic for testing the hypothe-

sis of sphericitywhen the underlying distribution is real multivariate normal.

.1/b
The distribution of X3  is approximated by a Pearson Type I

3

distribution, where b is a suitably chosen integer. For M>22, we took

b=2 and for M<22, b=4. Using the approximation described above, approxi-

mate upper percentage points of distribution of X3 =-2 log 1 3 were

constructed by Krishnaiah, Lee and Chang (1975, 1976) for s - 2(1)10,

= 0.01, 0.05, M = 1(1) 20(2)30(5)50,60, where M = n-s-3 and

P[B 3 < c3 IH3  = (1 - a). These values are reproduced in Table 9.

In Table 3, we compare the values obtained by the Pearson type approx-

imation with the corresponding values obtained by using Box's asymptotic

-13
expression of crder n Upper percentage points of the distribution of x3

for a = 0.01, 0.05 and s = 3(1)6 are also given by Nagarsenker and Das (1975).

10



Table 3

Comparison of the Pearson Type Approximation with the Asymptotic Expression

for the Distribution of 13

s = 5 s 8

c 3  a1  a2  c3  a1  a2

15 2.763 0.05 0.0496 - - -

15 3.265 0.01 0.0099 - -

21 1.895 0.05 0.0498 4.565 0.05 0.0490

21 2.238 0.01 0.0100 5.093 0.01 0.0097

41 0,928 0.05 0.0500 2.160 0.05 0.0499

41 1.095 0.01 0.0100 2.409 0.01 0.0100

51 0.739 0.05 0.0500 1.711 0.05 0.0499

51 0.873 0.01 0.0100 1.908 0.01 0.0100

In the above table, a1 is the value of a obtained by using 
the Pearson type

approximation whereas a2 is the value of a obtained by using Box's asymptotic
-13

expansion of order n . This table indicates that the accuracy of Pearson

type approximation is sufficient for practical purposes.
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6. Test Specifying the Covariance Matrix

The modified likelihood ratio statistic for testing the hypothesis

H4: E = E 0is given by

= (e/n)Sn IA ljn etr(-AZ ). (6.1)

The modified likelihood ratio test statistic is obtained from the likeli-

hood ratio test statistic by changing N to n. The moments of X4 are seen

to be

E(X) = (e/n)shn JE onh 1I + hZo -n(l+h)
40 0

x R {r(n+nh+l-i)/r(n+l-i)}. (6.2)
i=l

Anderson (1958) derived the likelihood ratio statistic for testing the

hypothesis that the covariance matrix is equal to a specified matrix when

the underlying distribution is real multivariate normal. The distribution

of 1/b can be approximated with a Pearson Type I distribution using
4

the first four moments, where b is a suitably chosen integer. Using the

above approximation, Krishnaiah, Lee and Chang (1975, 1976) computed the

percentage points of the distribution of X4 = -2 log 14 for s = 2(1)10,

a = 0.01, 0.05, M=1(1)20(2)30, where M = n-s-I and P[\ 4fc4 Il41 = (I-a).

These percentage points are reproduced in Table 10.

12
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7. Test for Multiple Homogeneity of the Covariance Matrices

Let *i ... z be independently distributed as complex p-variate normal

with mean vectors ii ''... l and covariance matrices E respectively.

th qq'
Also, let z (j = 1,...,N ) be the j th independent observation on zi In this sec-

tion, we study the Pearson type approximation to the distribution of the

likelihood ratio statistic for testing H5 where

zll qlq1

E ql+1,qll "  q2*,q2

A *

qo= , 1 = qd = q and q= qI+...+qj. The modified likelihood ratio

statistic (obtained by changing N i to ni in the likelihood ratio test statis-

tic) for testing H5, is given by

q n.i
F1JAil/nil

ii
5 = q (7.1)

d n.
A ,.in .

j=l i=q 1+1 3

where n = Ni-ln =n i and

i~ Iji-q _l+l

Ni Ni

Ai - j (Zu i~ij -zi.. _i. J1 Z Ij

The moments of k5 are given by

13



*
d * phn O
R nCtl p d I' (n +hn +1-i)E(Xh) = ______, -g g-lh = a =l a -l

E 5) q phn 1*r( + -i(n a) g=q _l+1 I

r(n +1-i)
x * *(7.2)

r(n +hn +l-i)

moment A5, /b
Using the first four moments of X the distribution of A can be approxi-

mated with a Pearson's Type I distribution where b is a suitably chosen

integer. This approximation was used by Krishnaiah, Lee and Chang (1975,

1976) to compute approximate percentage points of the distribution of

X5 - -2 log X5 for ni = not q - dk (i.e., there are k populations in

each of the d groups). These points are reproduced in Table 11 for d=1.

In Tables 4 and 5, we compare the values obtained by the Pearson Type

approximation for the distribution function of k5 with the corresponding

values obtained by using the Box's asymptotic expansion up to terms of order

-13
n . In these tables, the constant c5 is defined as

P[-2 log X5ic5 IH5 = (1-a). (7.3)

Also, a I is the value of a if we use the Pearson type approximation whereas

-13
E2 is the value of a if we use the asymptotic expression of order n

Tables 4 and 5 indicate that the accuracy of the Pearson type approximation

is sufficient for practical purposes.

In the real case, Wilks (1932) derived the likelihood ratio statistic

for testing the homogeneity of the covariance matrices whereas Krishnaiah

and Lee (1976) discussed how certain tests of hypotheses on linear struc-

ture of the covariance matrices can be reduced to the problem of testing for

the multiple homogeneity of the covariance matrices.

14



Table 4

Comparison of the Pearson Type Approximation with the Asymptotic Expansion

for the Distribution of X 5 when d - 1

noq C5  a 12 c 5  a 1  CL2

10 2 19.82 0.05 0.0501 33.00 0.05 0.0502

10 2 25.40 0.01 0.0100 40.21 0.01 0.0101

10 6 69.68 0.05 0.0500 12.14 0.05 0.0492

10 6 79.11 0.01 0.0100 13.39 0.01 0.0098

15 2 18.72 0.05 0.0501 30.33 0.05 0.0500

15 2 23.99 0.01 0.0100 36.93 0.01 0.0100

15 6 66.70 0.05 0.0500 113.77 0.05 0.0498

15 6 75.69 0.01 0.0100 125.48 0.01 0.0099

20 2 18.23 0.05 0.0500 29.18 0.05 0.0500

20 2 23.35 0.01 0.0100 35.52 0.01 0.0100

20 6 65.34 0.05 0.0499 110.45 0.05 0.0499

20 6 74.13 0.01 0.0100 121.78 0.01 0.0100

15
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8. Simultaneous Tests for the Homogeneity of Populations

In this section, we discuss the likelihood ratio test for the homo-

geneity of complex multivariate normal populations. The hypothesis of the

homogeneity of the q complex multivariate distributions defined in Section

7 is equivalent to the hypothesis H6 where

: l .. qq (8.1)

The modified likelihood ratio statistic for testing H6 is given by

nn  T1 IG l
A , i=l

6 q PI q _ (8.2)n1 n i  )G+ N N (z i -Z..)  (z -Z..) ' v
i i. i=l 1

where n= n1  . ni=NI-1,
1=1

q NI

N Niz'" = ij' . 1 l
N= NJ j= j il

N i  q

Gi - ! (z -z )(z_-z )', G- I G.j il -i ~ . i j -. .jli=1

The moments of N6 are given by

h phn q phn i  p q r(n +hn +1-i) r(n~q-i)
E(I6 6 n  / I n1 i jl r(n +l-i) r(n+hn+q-i) "

The distribution of Al/b is approximated with' a Pearson Type I distribution
6

where b is a suitably chosen integer. Using this approximation, percentage

points of the distribution of X6 = -2 log X6 are computed by Chang, Krishnaiah

and Lee (1975) for a - 0.01, 0.025, 0.05, 0.10; ni - no; q - 2, 3, 4, 5;

p- 1, 2, 3, 4 and M - no-P= 1(1) 20, 25, 30. Table 12 gives the value of c6

for a - 0.05, 0.01 where c6 is given by

17



P[X 6 < c6 1H6 ] - (1-a). (8.4)

To check for the accuracy of the entries in Table 12, we compared

some of these values with the corresponding values obtained by using Box's

-13
asymptotic series of order n1. These comparisons are given in Table 6.

Table 6

Comparison of the Pearson Type Approximation with the Asymptotic Expansion

p -2 p = 3

no c6 a a2 c a I2

7 3 28.03 0.05 0.0499 50.49 0.05 0.0497
7 3 34.15 0.01 0.0100 58.80 0.01 0.0098

10 3 27.45 0.05 0.0500 48.06 0.05 0.0498
10 3 33.42 0.01 0.0100 55.92 0.01 0.0099
15 3 27.04 0.05 0.0500 46.46 0.05 0.0499
15 3 32.90 0.01 0.0100 54.04 0.01 0.0100
20 3 26.84 0.05 0.0500 45.73 0.05 0.0500
20 3 32.67 0.01 0.0100 53.18 0.01 0.0100

1/b
In the above table, aI is the value of a obtained by approximating A 6 with

Pearson's type I distribution whereas a2 is the value of a detained by using

Box's asymptotic series. Table 6 indicates that the accuracy of the values

of a1 is good.
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9. Test Specifying the Values of the Covariance Matrix and Mean Vector

In this section, we consider the distribution of the likelihood

ratio statistic for testing the hypothesis H7 , where

H7: -
l "Z

and Z and uo are known. The likelihood ratio statistic for testing H7
0 -

is given by

X7 = (e/N1 ) G Z etr[-Z {G+NI(z .~ (9.1)

The moments of A are given by
7

P r (NI-i+N~h)

h phN1  1 p r (9.2)E(X ) = (() l h r(N 1 -i)
7 N pN(11h h

Using the first four moments, Chang, Krishnaiah and Lee (1975, 1977)

approximated the distribution of X7/b with Pearson Type I distribution

where b is a suitably chosen integer. This approximation is used to

compute the values of c7 for Mnl-p-1 = 1(1)20(2)30, nl-Nl-1 and p=2,3,4,5,6

where

P[ 7 < c7IH7] = (1-a).

and 7 = -2 log X7. These values are given in Table 13 for a = 0.05, 0.01.
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10.. Applications in Time Series in the Frequency Domain

In this section, we discuss as to how the likelihood ratio test

procedures on the covariance matrices of the complex multivariate normal

populations can be used in the area of inference on multiple time series.

Let X'(t) - (X{(t), ... , X'(t)) (t - 1,..., T) form a Gaussian,

stationary, multiple time series with zero means and covariance matrix

R(s) = (Rjk (s)) where R k(s) = E{X.(t) (t + s)} and XW is of order

pj x 1. The spectral density matrix of the above time series is given by

F() (FZj ()) where

F (w) 1 e1'w R (s)Z e 2 ~ (siT(Ol

A well known estimate (e.g. see Brillinger (1974) of F(w) is F(w) =

(F j M ) where

F = I + 1 (10.2)
Zj (:=+l)r=-m Z

and m is a suitably chosen integer. Zu Eq. (10.2)

T
-) -- 1 YO(t) exp (-itX),

and

ZI (A)A)

Goodman (1963b)and Wahba (1968) showed that A(w) = (2m+l) F() is approxi-

mately distributed as complex Wishart distribution with (2m+l) degrees of

freedom and E(F()) F(W).

Now, let H2 M.), H3() and H () denote the following hypotheses:
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H 2(): Fj (w) 0 (Z 0 j ff 1, .... , q)

H3 (W): F(W) = F 0(w) (10.3)

H4 (w): F(w) = F

20

where a2 is unknown and Fo(w ) is known. Let the statistics L2 (w), L3 (w),

andL 4 (w) be defined as follows:

L JA(w) L
2 = q (10.4)

R JA ii(w) 1

i=l

JA(w) Fol(w) (

L3 (W) = -(10.5)
{tr A(w) F (w)/s s

0

L4 (W) = \e / (2m+ 1) s(2m+ l)  I A(w) Fo 1 (2m+l) (10.6)

x etr (-A(w) Fl()).

where (2m+l)Aij(M = F ij(w). Also, let Li(w) = -2 log Li (w) for i = 2,3,4.

The hypothesis H (W) is accepted or rejected according as
2

L2(w ) > d2

where

P[L 2 (w) < d2 1H2 (M] = (1 - a). (10.7)

We accept or reject H3 (w) according as

L3(w) > d3  (10.8)

where

P[L 3 (w) < d3 H3 (w)] " (i - a). (10.9)
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Similarly, the hypothesis H4( (w) is accepted or rejected according as

Lt4(M> d 4

where

P[L4(w) < d41H 4 (w)l = (1 - c). (10.10)

Since A(w) is approximately distributed as the complex Wishart matrix,

approximate values of d2, d3, and d4 can be obtained from Table 8, Table 9,

and Table 10, respectively.

k k k

Next, let H2 = q H2 (W ), H3 -= l H3 (Wj) and H 4 C A H4 ( )

j=1 J=1 j-1

where wl,...,Wk are widely separated. Then, we accept or reject H2

according as

T d (10.11)

where

P[T 2 < d5 H21 = ('-a) (10,12)

and T2 = max (L2 (W), .... L2 (Wk)). An alternative procedure is to accept or

reject H2 according as

T* (10.13)

2 >d 6

where

P[T 2  - d6 !H2 1 = (-Ca), (10.14)

and

kT* = TI L2(j)

T2 -jnIL2 (W

Since w l,....wk are widely separated, L2 (WI)..., L2(L(Wk) are distributed

independently. So the critical values d5 and d6 can be computed by using the

methods discussed in this chapter. We can propose similar procedures to

test H3 and H4 .
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Let H5 F(wI) = ... = F(wk), where the frequencies wI .... PWk are

"sufficiently" wide apart. Also, let L5 (w) = -2 log L5, where

kI -( ) I(2r+l)

L -i=l5 k ^11 F( i )/k k ( m )

i=l

Then, we accept or reject H5 accordingly as L d 5 where

P[L 5 1 d*jH5 ] = (1-a).

Since wl,...,Wk are "sufficiently" wide apart, F(uI),..., F(wk) are dis-

tributed independently. Also, (2m+l) F(wi) is distributed approximately

as the complex Wishart matrix with (2m+l) degrees of freedom for i=l,...,k.

Hence, the values of d * can be obtained from Table 11.
5

Next, let X'(t) = (X'l(t),.-., (t=l, .... Ti) be

a Gaussian, stationary, multiple time series with zero means and covariance

matrix R.(s) and spectral density matrix Fi(w), where Ri(s) = (R iuv (s)) and

R. (s) = EX. (t) X'(t+s)}
iuv .-1u Av

Also, let Xl(t),...,XY(t) be distributed independently and X.(t)

be of order pxl for i=l,...,k. Let the estimate Fi( ) of F(w) be defined

in a similar way as F(w). Here, (2mi+l) Fi(w) is distributed approximately

as the complex Wishart matrix with 2mi+l degrees freedom. The hypothesis

H6 (w): F1 (W) = ... = Fk(w) is tested as follows. We accept or reject H6

accordingly as

L6 (w) > d 6
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where

P[L6(%u) < d*H 6 = (1-),

~L 6()= -2 log L6(M,

k I ()1( 2mi+l)

L6 (w) = 
i-i

k mI (2m i+1)F i(w)/m o o1

i=l

k
and m = 2( Z m + k. The critical values d can be obtained from Table

i=l

11 when the mi's are equal.

We will now illustrate the usefulness of some of the tables in this

paper with vibration data on a C-5A transport aircraft.

Vibration measurements have been taken on the cargo deck of a C-5A

transport aircraft to provide information about the dynamic environments

that cargo must survive in transit and to understand better the distribu-

tion and transmission of vibrational energy throughout the aircraft struc-

ture. Measurements have been taken over certain periods by locating

accelerometers at different locations on the cargo deck. We will treat

each location as a variable. Data on the following variables were taken:

Longitudinal. Lateral Directional
Variables Location Location Orientation

1 (FRV) Forward Right Vertical
2 (FRL) Forward Right Lateral
3 (FLV) Forward Left Vertical
4 (FLL) Forward Left Lateral
5 (ARV) Aft Right Vertical
6 (ARL) Aft Right Lateral
7 (ALV) Aft Left Vertical
8 (ALL) Aft Left Lateral
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The basic unit of measurement is the acceleration due to gravity (1g. =

980 cm/sec 2). Let the spectralchnsity of the data on the above 8 variables

at frequency wbe denoted by F(w) and let the corresponding poptklation

spectral density matrix be denoted by F(w). The sample spectral density

matrix at frequency wis F(w. s jo + is j where w 1= 0.15907Hz,

a 1wl a =2,3,4,5 and

10 Ga.? a *.0e.6 -. 0o o -.8051031) .0086290 -. 0046130 -.0440226
L,,. .01 0 -.. 0 0 . 70704..631, .0006030 .7.10.000 .0006241

-.33000 -00,?20 .OO200..04 -.003.0,10 *.0040220 .8000ziL *1.00

L0.0430.1.1 . ~.0. *.001O o .0040.d,19 o-'I 6o00 *.015M70 *b70 01,57 00
*.01o. 0.1,331 a,0 .00.)760 .007. *0 .. 0 -. 000.15S .0102O0' . 3I
.JlO.1 a .J4.'07-0 a.0031,11,0o go070 .10,0000 0.1 6, .0 ",00 .0663

-.4~04..0 -j.007 -.00070 0.OOuO .OoSlO 0007-27 .001 0116
S = ..ooo~ .3,..oto *.1460,00 *01si .,101 -. 14166,0 *.0..10 .:1016900 1

-. 0~,2..3 ..3030 -01 Z20 *002 :014 600 -0ou0 .01000 .0013
-.01-,0.. Mad,000-10,60*0lOO .0010 .300 .000



.37-) .3 t .. 0 o1 12~50 10.03~ .o,la .0338? I 104b go0 -8970S -.3,al-j -. a3335.7 -.00.J3V, .030..6. .000/evz Q.0003,0 QO-. J 0QO00 00392.
20 1111200~ a 0.111I-? 00Z.0 -. Dug 7642 2 3. 1 o a UooiL.. .2360coo -. 00204.00

0 .00-013 .oJ4139/ .003.73 -000 J550 0OO0I191. .000S8 I -. 001-5620 .043L -4c .0332o,7 .1i)08 -00100 .310 Oil153 .zo 2?S..000 -. 000564-6

-0..OC'OjO Oitava -1.2.~7 -.6oz.020 .. l03 .0023.60 u8.bbjoo -.0027S907
.oo,0 3. -.30COLO -:00011-0 .000002OQb -.00200' :.00011195 -:.20110 ".00020L

'a.02?. 770 .3001. 3.0308 ":a 0_:2a50.0 .. 6330 .0022- 0 0 :.s0

21 -: 3.3 *3~73 0b30 -0.13 .ooo .0..60 * 8130200 -'. 0052a
I'll36, 1.0)05 .03 .000 1 834 -.10 4 tp a 0.000000 *.00 1 ..33 -.0000300J

5.....3 j32ss. .0..0 -. 003.00 -. 00lj~ Gazi0 4 00.39 3. 03000.J0 -. 0036630
O&Z .0313 *J2J301 D00o.0 QGS32 .0512SQ .0QQ03O6 .001.833 Q.000401

..0., *0(146411 Gtdsroo0 -. 000,10T .Olia.o0 .0010710 * 270500 -. 001SI501
j *3601 0733 .00041,133 -. 0119 .I001;el - go I026 *~a 1o9a0 .00J1;6

-. 0007 -. 0003 -. 3696.031 -. 0251 .00.1 - 0372.0 -. 00222

.,Z..J . 96116 0 .02e,,00 -.0037?.0 .1422000o .0010300 .ooj00 OQ -.0. s'0
G4.,,3, 0 .3337. 2.) a a0 -.00022?4 -.00..29f0 -. 0017704 - a 60 .00a2140L

0.l*.0.. -i ~ GJ, 01223t0 .00.1.696 -.302?130 .00I..Zo .0000740 .. 00106531

oi a.0~.i a. IJ00 -.QOOLOS6 0.000000 -.08106 -. 86 -. -.b 001190,0. .0.0072
31 .02273., -. 0J?1Il0 -.0021090 .0OZ.050 0.3000N .0065.20 -.0.104S0o -.006s10

al,)93 .030ao0 -.00.?701 I263 b2 .03 1 .0070 b.010* 'a.a00000
-u 01,3 .3700 .1,8 .0100 .750 01.00 -04S390
-. ~ ~ a 33.., -0127e0 ..".1o00 ..01,110. a.000 'a.

7
6i .OOI0?O
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a.a )I .J i .0L73?OQ -.0o43 32 .00 L18 30 *.0ZI?0 a .IS Sj 4 .002307f1
U * 4~3' 'G "Oiio -0130 .4Jl0 .Oi. 27 70 *. OGG1921
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"I.z02 0. 73.4~ '1.3o; 70 . ej : e 4, 0001'uoiO ' L, .00100 010,S "' -. 0 146034
S .j.7Q I.O~0 G. .02a .. .010 R000. .02571L .041 J6

4 1 .J"jl - 0J2e i .~20 0.O OO -,. :0, 6 l5".0012 -. D2?0 0
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jir~ -.~77 ..270 .1?~O-00? )0310 GU0bb6g0 4.08OOoo -. 008012 G0

-j10 .00U.J6 -.00 1 363 .098,380 GOG002.1 .00.1e0 .4.00do002

- U,?.'. ? . u32n - : ?0013 01,0 002 - 000, .000.92?

- I,?J. I.jt?. G0.o .00076.2 -. 00Q631 .0067 a .o.o a.079 ZI~ ~ L ~ ~ -. .44 10azo 004 16.oss .0q04 -. g531 1,2 .000'061S I
50 .. ~2 'Gwr .Q.7. 03,9 16' .0170 .25.0 -. 0001.3.0

uI UJ0. J.,3Ol f33. 01 -.030 394 QO0O1. is 00.1..0 00052 -. 053 16

S I 3J3J1 Ju30 .0900;521 .ibe5 G000" *0600 **022
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Let F(w) be partitioned as

FII1(w) FI12(w) F13 ( ) FI14(w)

F2 1 M F22 (w) F23 (w) F24(w)

F31 (w) F32 (w) F33 (w) F34 (w)

F4 1 (w) F4 2 (w) F4 3 () F 4 4 (w)

where F ii() is of order 2x2 for i = 1,2,3,4. We computed L 2(w.) = -2 log

L 2(w ) where

I(2m+l)F(w )I
n 2 (w ) = 4

j 4
fi 1(2mr+l)Fii(W )I

i=l

and (2m+l) = 19. The values of L 2(Wj) in this case are found to be 47.760,

31,667, 33.684, 35.646 and 37.738 respectively. The value of the critical

value d2 for n=19, s=8 and q=4 from Table 8 is found to be 4.217 at 5%

significance level. Since the computed values of L2 (W) are greater than

the value from the table, we conclude that the sets (1,2), (3,4), (5,6),

(7,8) of variables are not independent for each of the five frequencies

considered.

Next, we computed the value of L3(w j) = -2 log L3(w )

where

1 (2m+l)F(w.) I
L3 (wj) =

{(2m+l)tr F(w j)/s}s

s=9, (2m+l) - 19. It is found that the values of L3 (Wj) , in this case,

are 78.321, 65.267, 63,226. 59.019 and 61.852 respectively. The critical

value d3  for n-19 and s-8 is found to be 5.142 at 5% level. So, we
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8

reject (individually) the hypotheses that F(w ) = Ip for j 1,2,3,4,5.

For the hypothesis H5 we will consider only the first four variables.

Let spectral density matrix of the data on the first four variables at

frequency wi be devoted by F(Wi) and let the corresponding population spectral

density matrix be denoted by F(wi). The sample spectral density matrices at

frequencies 0.15907 Hz, 0.47721 Hz and 0.79535 Hz are F(0.15907) = S10 + i S

F(0.47721) = S2 0 + i $21 and F(0.79535) = $30 + i $31, respectively where

.0021030 .00 0 .o02654O -.0:0835

S30 = 04040 O 06qqO .331.000 .0036660
10 L o . o000533 .003.660 .0006089

6.'0000 -. o~44 -.81841 00 .9904039[ 4J014000 O.0000000 .0047SO .000376]3L 14100 .0049758 0.0000000 .000?700

S 1 1  -0004039 -.0003763 -. 000770 .0000000

*,104600 .0000611 0185?O0 -:000510?1

I .0006611 *00076i0 .0005 -. 61 o 000636
20 L-.005107 -.0006139 -. 00006396 .s0051 JL:0.000000 -,.0b00 .0012290 :0004696

.00 0b 0S 0. 000000 .00020 28 .00000 5 I

|-.00IZ290 -. OZSZ. .0o000000 .0001 96 I
21 -. 0004098 -. 00000?9 -.0001996 0.0000000

|000Z22 oO00b692 oo:O00327 -.::06763

.0194000 -.0003267 .0215000 .0010720

1- .000?346 -. 0006763 .O010TZO o6M42J

0.0000, : -.04oo046 .o02s7 .0004S23 1
*@.1004@46 0.00000 *00£341r -. 0000001

-,ooo2S9 -. 000001? -. 000 .00030
31 -.00024523 .0000041 -00080 .00
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We computed the value of L 5 = -2 log L5 where

II jA(w i) / (2+1)

L 5 = 31
].A(w i ) / 3 (2m~~ 2el

i=l

,l 0.15907 Hz, w2 - 0.47721 Hz, w3 = 0.79535 Hz, (2mr+l) - 19. The value of

L5 is found to be 224.72. The critical value d 5 for n 19, p4 and k-3 from
5 50

Table iji is found to be 50.93 at the 5% significance level. Since L 5 is

greater than the value from the table, we conclude that the spectral

density matrices F(wI), F(w2) and F(w3) are significantly different from

each other.
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Appendix

Tables 7 through 13 give percentage points of various distributions

discussed in this chapter. These tables are useful in implementation

of the likelihood ratio test procedures. A description of these tables

is given below.
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Table 7: Percentage Points of the Distribution of the Determinant of
the Complex Multivariate Beta Matrix

The entries in this table give the values of c where

P(C1 < Cl] ( -),

C1 = -(2n+q-p)log U}/X2pq,a and U = .A1(A1+A2)
1

Here A and A are distributed independently as cential pxp complex
1 2

Wishart matrices with n and q degrees of freedom respectively. These

entries in this table are reproduced from a technical report by Lee,

Krishnaiah and Chang (1975).

Table 8: Percentage Points of the Distribution of X2 for Multiple
Independence

The entries in this table give the values of c2 where

P[A2 < c2 ] = (1 - a),

X2 2 log X2 and

2 T

TI 1A ii i
i-I

Here, A = (Ai) : pqxpq is the central complex Wishart matrix with n

degrees of freedom and E(A) = nZ, and Z - (Zij). Also, Aij and ij are of order

pxp. In addition, Z = 0 for i~j=1,2, ...,q, M-n-s-3 and s=pq.
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Krishnaiah, Lee and Chang (1976) gave the values of c2 for

a - 0.05, M = 1(1)4(2)16,20,24,30, p-1, 2 ,3 , and q=3,4,5. These entries

are included in Table 8 with the kind permission of Biometrika Trustees.

The remaining entries in the table are reproduced from a technical report

by Krishnaiah, Lee and Chang (1975).

Table 9: Percentage Points of the Likelihood Ratio Test Statistic
for Sphericity

The entries in this table are the values of c3 where

P[X 3  c31 = (I - a),

= -2 log IAE 1l/(trA-'I/s)Sl,

3 0

and M=n-s-3. Also, A:sxs is distributed as the central complex Wishart
matrix with n degrees of freedom and E(A) = no 2 Z where a is unknown and

Eo is known. Upper 5% points of the distribution of \3 are given in

Krishnaiah, Lee and Chang (1976) for s=7(1)10 and M=1(1)5,7,10,15,20,

30(5)50,60. These entries are reproduced in Table 9 with the kind

permission of Biometrika Trustees. The remaining entries in the table

are reproduced from a technical report by Krishnaiah, Lee and Chang (1975).

Table 10: Percentage points of the Likelihood Ratio Statistic for
Specifying the Covariance Matrix

The entries in this table give the values of c where
4

P[X 4 < c4 1 - (1 - a),

X (e/)Sn JAZin etr(-AZ 1 ) and\ -2 log .
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In the above equation, A:sxs is distributed as the central Wishart matrix

with n degrees of freedom and E(A) = nE where Z is known. Krishnaiah,
0 0

Lee and Chang (1976) gave upper 5% points of the distribution of X4 for

s=2(1)7, M=1(1)5,7,10,15,20,30 where M-n-s-l. These percentage points

are reproduced in Table 10 with the kind permission of the Biometrika

Turstees. The remaining entries in the table are reproduced from a

technical report by Krishnaiah, Lee and Chang (1975).

Table 11. Percentage Points of the Likelihood Ratio Tests Statistic
for the Homogeneity of the Covariance Matrices

The entries in this table are the values of c5 where

e(X5 < c5] = ( - a),

5= -2 log X5 and
q n
T A iil/ni I

X5 5

where Aii,...,Aqq are distributed independently as central pxp complex

Wishart matrices with nl, .... n degrees of freedom respectively,

E(A11 /n)=.. .=E(Akk/nk) and n=nl+...+nq . Upper 5% points of the distri-

bution of 15 are given in Krishnaiah, Lee and Chang (1976) for p = 3,4; q=

2(1)6,8; n,=5(1) 20,2 5 ,30 where nj=...=nq=no. These points are reproduced

in Table 11 with the kind permission of Biometrika Trustees. The

remaining entries in this table are reproduced from a technical report

by Krishnaiah, Lee and Chang (1975).
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Table 12: Percentage Points of the Likelihood Ratio Test Statistic
for the Homogeneity of Complex Multivariate Normal Populations

The entries in this table are the values of c6 where

P[X6 - c6 IH6 1 - (1 - a),

X6 - -2 log X6 and X6 is the likelihood ratio statistic for testing the

hypothesis H6 of the homogeneity of q complex p-variate normal populations.

The statistic A6 is defined in Section 8. In the table, q denotes the

number of populations M-No-p and No is the common size of various groups.

Chang, Krishnaiah and Lee (1977) gave upper 5% points of the distribution

of 6 for q=2(1)5 and M-1(1)20,25,30. These percentage points are repro-

duced in Table 12 with the kind permission of the North-Holland Publishing

Company. The remaining entries in this table are reproduced from the

technical report by Chang, Krishnaiah and Lee (1975).

Table 13: Percentage Points of the Likelihood Ratio Test for E - Z
and U = U O

The entires in this table are the values of e7 where

P[ < c IH7) - (1 - a), X -2 log

7~ -27l7o7 7

and X7 is the likelihood ratio statistic for testing the hypothesis

H7 where

H7:ZI Eo UI .o

Here U and Z are respectively the mean vector and covariance matrix

of p-variate coplex normal distribution and u and Z are known. Also,
.0 0

M-NI-p-2 and N1 is the sample size. Chang, Krishnaiah and Lee (1977)

gave the values of c7 for a - 0.05, M = 1(1)20(2)30 and p = 2(1)6.

These values are reproduced in Table 13 with the kind permission of North-

Holland Publishing Company. The remaining entries are reproduced from

the technical report by Chang, Krishnaiah and Lee (1975).
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Some of the entries in Tables 2-5 are reproduced from Krishnaiah,

Lee and Chang (1976) with the kind permission of the Biometrika Trustees.

Whereas some of the entries in Table 6 are reproduced from Chang, Krish-

naiah and Lee (1977) with the kind permission of North-Holland Publishing

Company.
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TABLE 11

Percentage Points of Likelihood Ratio Statistic for the

Homogeneity of the Covaiiance Matrices

L=0. 10 p=2

n 0 =2 q-,3 q=4 q=5 q=6 q=7 q=8

' 10.07 16080 22.99 28.93 34.72 40.41 46.01
5 9.49 15.94 21.89 27.60 33.17 38.63 44.02
6 9.15 15.43 21.23 26.80 32.22 37.56 42.82
7 8.92 15008 20078 26026 31.60 36.84 42.01
8 8076 14.84 20.47 25.87 31.15 36.33 41.43
9 8.63 1406S 20023 25.58 30.1 35.93 41.00

to 8.54 14,51 20.04 25.36 30.54 35.63 10.66
11 8.46 14.40 19.89 25.18 30.33 35.39 40.39
12 6.40 14.30 19.77 25.03 30.16 35.19 40.17
13 8.35 14.23 19.67 24.91 30.02 35.03 39.98
14 8.30 14.16 19o59 24.80 29.9 34.89 39.82
15 8.27 14.10 19.51 24.71 29.79 34.77 39.69
16 8023 14.05 19.45 24.6 29.70 34.67 39.57
17 8.21 14001 19.39 24.57 29.62 34.57 39.4?
18 8.18 13.97 19.34 24.51 29.i4 34.49 39.38
19 8.16 13.94 19.30 24.46 29.18 34.42 39.29
20 8.14 13.91 19.26 24.41 29.43 34.36 39.23
2S 606 13.79 19.11 24.23 29.22 34.12 38.96
30 8.02 13.72 19.02 24.11 29.08 33.96 38.77

a-0.10 p=3

no q=2 q3 q=4 q=5 q=6 q=7 g=8

5 21.00 35.?6 49.54 62.91 76.03 88.97 101.79
6 19.56 33.49 46.58 59.30 71.77 84.09 96.30
7 18.63 32.08 44.?5 57.00 69.12 81.01 92085
a 18.00 31.12 43.49 55.50 67.31 7097 90.51
9 17O54 30.42 42.57 54.39 65.98 77.44 88.79

10 17.20 29.89 41.88 53.54 64.98 76.26 87.48
11 16.92 29.47 41.33 52.87 64.19 75.37 86.46
12 16.71 29.14 40.90 52.32 63.56 74.63 5.62
13 16.52 26.86 40.53 51.88 63.03 74.03 84.93
14 16.38 28.63 40.23 51.50 62.59 73.52 84.36
15 16.25 28.13 39.9? 51.18 62.20 73.09 83.87
16 16.14 28.26 39.7' 50.91 61.8 72.71 63.44
17 16.05 28.11 39.55 50.67 61.60 72.38 83.08
1 15.96 27.98 39.38 50.46 61.34 72.10 82.75
19 15.89 27.87 39.23 50.27 61.13 71.85 82.46
20 15.82 27.77 3909 50.11 60.33 71.62 82.22
z5 15.58 27.39 38.59 49o49 60.20 ?0.78 81.27
30 15I42 27.14 38.26 49.09 59.73 70.23 80.64
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TABLE 11 (Continued)

c=O.10 p=4

no q=2 q=3  q v4 q-5 q=6 q=7 q=8

o 36.3. 62.39 87.08 111.15 131..jf 258.32 181.59
7 33.46 58047 81.43 104.21 126.6b 1 .857 170.92
a 31.68 55.33 77.62 99.78 121.41 142.82 1'..09
9 30.43 53.42 75031 96.68 117.74 138.61 159.27

10 29.52 52.01 73.4s 94.39 115.0' 135.6 155.73
11 28.82 50.93 72.02 92.62 112.) 133.05 153.00
12 28.27 50.07 7009 91.23 111.28 131.13 150.80
13 27.82 49.37 69.96 90.08 109.2 129.5. 19.05
1' 27?.5 '8.80 69.19 89.14 108.78 126.24 117.57
15 27.15 46031 68.54 88.33 107.5 127.16 146.32
16 26.88 47.69 67.99 87.65 107.0' 126.23 1405.26
17 26.66 47.53 67.51 87.06 106.33 125.42 144.3S
18 26.5 47.22 67.09 86.5 105.71 124069 113.5.
19 26.28 46.94 66.73 86.09 105.17 124.08 142.83
20 26.13 46.70 66.41 85.68 104.70 123.53 142.20
25 25.55 45.80 65.21 86.19 102.32 121.47 139.90
30 25.19 .5.22 64.,3 83.2 101.79 120.16 138.41

r=o. Lo p=5

no q=2 3=3 q.4 q=5 q=6 q-
7  

q-8

7 56.0? 97.0 136.08 174.28 211.44 249.31 26600
8 51.49 90.09 126.96 16303 198.64 233.96 269.00
9 '8.53 85.58 121.00 155.68 189.31 223.8? 257.52

10 46.'7 82.38 116.75 150.3 183.69 W1a.64 249.,.45
11 44.93 79.98 113.59 146.52 179.02 211.24 243.26
12 43.75 78.14 111.12 143.46 175.38 207.09 238.56
13 '2.79 76.66 109.1 141.02 172.7 203.72 234.68
14 42.03 75.44 107.53 139.00 170.11 200.93 231.5%
15 '1.39 74.43 106.18 137.33 168.11 198.61 228.9
16 40.85 73.57 105.0' 135.91 16b.41 196.68 226.71
17 40.39 72.83 104.06 34.69 16'I.6 194.99 22..83
18 39.98 72.20 103.20 133.62 163.69 193.53 223.18
19 39.6 71.6. 102.46 132.70 162.i8 192.22 221.69
20 39.33 71.14 101.79 131.67 161.61 191.08 220.v2
25 38.20 69.35 99.39 128.89 158.03 186.95 215?0
30 37.49 68.21 97.87 126.98 1f5.? 184.34 212.71
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TABLE 11 (Continued)

a-0.05 p=2

0 q-2 qw3 q=4 qw5 qw6 q-7 q=8

4 12.30 190,1 Z6.08 32.3. 3d.42 49.36 50.21
5 11.59 18.51 24.82 30.84 36.6 42.39 *8.02
6 11.16 17.91 24.07 29.94 35o64 .1.21 4b69

? 10.88 17.51 23.56 29.34 34. 4.o.2 45.81
8 10.68 17.23 23.20 28.90 34..' 39.86 4S.18
9 10.53 17.01 22.93 28.58 34..? 39.43 4*.70

1 10.42 16.85 22.72 28.33 33.07 39.10 44.34
11 10.32 16 .71 22.55 28.13 33.'. 38.83 -*.0
12 10.25 lb.60 22.41 27.96 33.35 38.61 %3.79
13 10.18 16.51 22.30 27.82 33.18 38.43 '3.59
14 10.13 16.43 22.20 27.71 33.05 36.28 43.1*2
15 10.06 16.37 22.12 27.61 32.3 38.15 43.27
16 10.04 16.31 22.05 27.52 32.63 38.03 43.1.
1? 10.01 16.Z6 21.98 27.44 32.75 37.63 43.03
18 9.98 16.22 21.92 27.36 32.67 37.64 %2.94
19 9.95 16.18 21.8 27.32 32.60 37.76 42.84
20 9.93 16.14 21.83 27.26 32.34. 37.69 42.7?
25 9.83 16.01 21.66 27.06 32.30 37.43 42.47
30 9.77 15.92 21.55 26.93 32.15 37.26 142.27

a=o.05 p,3

n q=2 qw3 q m4 q=5 q-6 q=7 q=8

5 24.35 39.80 54.17 68.05 81.2 94.99 106.18
6 22.57 37.2% 50.91 64.10 77.02 89.73 102.28
7 21.48 3ob,6 48.88 61.66 74.16 86.*6 98.02
a 20.75 34.58 '7.50 59.99 72.19 84,23 96.11
9 20.2Z 33.80 46.50 56.77 70.76 82.59 94.2S

10 19.82 33.21 45.74 57.85 69.b8 81.35 92.8

11 19.51 32.75 45.14 57.12 68.34 80.37 91.79
12 19.28 32.37 44.66 56.53 66.15 79.59 90054

13 19.0 32.06 44.26 56.04 67.36 76.93 90.18
14 1.87 31.81 43.42 55.6 67.10 78.39 89.55
is, 18.72 31.59 43.64 55.30 66.?0 ?7.9 89.03
16 18.60 31..O 43.40 55.00 66.35 ?7.54 86.58
17 18.49 31.23 43.18 54.74 66.45 77.18 86.18
1 18.39 31.09 43.00 54..51 65.78 76.88 87.85
11 18.30 30.96 1*2.83 54.31 65.i4 76*61 87.55
20 18.23 30.85 42.68 54.13 65.34 7o.37 6?8.2
25 17.95 30.43 42.13 53.46 6.36 75.4? 86.26
30 17.76 30.15 '1.? 53.03 64.34 74.69 85.60
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TABLE 11 (Continued)

(1=0.05 p=4

n0 q=2 q=3 q=4 q=5, q=6 q=7 qua

0 .0.71 b7.6 93.36 116.15 142.8 166.51 190.31
7 37.4 63.06 67.2' 110.70 133.5 156.49 179.04
8 35..-3 60.08 63.3 105.96 128.17 150.09 171.65
3 34.03 57.99 80.62 102.65 12'..? 145.63 16a.81

10 33.00 So.'5 78.63 100.19 121.39 142.31 163.0.
11 32.21 55.26 77.09 98.31 119.16 139.7b 160.13
12 31.59 5433 75.37 96.62 117.40 137.7' 157.83
13 31.09 53.57 74.88 95.60 115.)7 130,11 156.01
14 30.bd 52.9- 7-4,05 94.59 114.77 134.?3 124.51

15 30.33 52.02 73.36 93.74 113.77 133.56 153.18
to 30.03 51.96 72.77 93.02 112.32 132.58 152.06
17 29.78 51.57 72.25 92.38 11.18 131.73 151.10
18 29.56 51.23 71.81 91.84 111.i3 130.98 150.25
19 29.3b 50.93 71.41 91.35 110.5 130.32 149.5?
20 29.18 50.07 71.06 90.92 110..5 129.73 146.86
2z 26.5,# 49.69 b9.77 89.34 108.i7 127.58 16.43
30 Zo.14 9.05 68.94 88.32 107.37 126.20 14.85

a=0.05 p=5

no q-2 q=3 q=4 qfm5 q=6 q=7 q-8

7 61.61 103.97 144.09 183.19 221.l9 259.8 297.6.
8 56.50 96.4 134.32 171.26 207.j? 243.68 279.40
1 53.23 91.55 127.95 163.48 198.48 233.10 267.46

10 50.94 88.10 123.45 157.95 191.43 225.56 258.84
11 49.25 85.53 120.08 153.81 187.5 219.92 252.55
12 47.9% 83.5 117.47 150.58 183.21 215.52 247.58
13 '6.90 81.96 115.37 148.00 18.19 212.01 243.60
14 46.05 80.65 113.65 145.90 1?70. 209.14 240.32
15 45.34 79.57 112.22 144.12 1705.0 206.71 237.5)
16 490?5 78.b 111.01 142.65 1?3.12 204.64 235.31
1 44,24 77.86 109.98 141.36 172.28 202.89 233.2J
1 43.80 77.17 109.07 140.24 170.37 201.38 231.54
19 '43.42 76.57 108.27 139.27 lbS.i2 200.07 230.06
20 43.07 76.0.. 107.56 138.40 168.40 198.86 228.72
2i 41.8' 74.12 105.02 135.25 1b5.3 194.56 223.82
30 41.06 72.90 103.41 133.25 162.26 191.82 220.72
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TABLE 12

Percentage Points of the Likelihood Ratio Test Statistic for the

Homogeneity of Complex Multivariate Normal Populations

-0.05 p-

4 2 qa3 qU'. q5

1 8.12 12...? 16,36 20.86
2 803 12og9 lboS 20.30
3 7097 12051 16059 20*4S
4 709 12.52 1606 20.SS
5 7.92 12.53 16068 20.62
6 7.91 12.53 16.71 26.67
7 7989 12.54 16.73 20071
8 7089 12.55 16075 20074

7088 12.55 16.77 28.77
10 7.87 12.56 16.78 20e79
11 lei7 15b 16.79 20".1
12 7.5. 12.5b 16.80 20.82
13 7086 1205* 16081 20.84
14 7.86 12.56 16.61 20e85
1i 7.85 12957 16.82 20.86
16 7.85 12.56 16083 20.87
17 7ed5 12.57 "16.83 23.88
18 7085 12057 168 26089
19 7.65 12.S7 16086 20.89
20 ?85 12957 Ibe85 20.90
25 7.84 12.37 16.86 2092
30 708. 12.58 16,87 20.94
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TABE-12 (Contimued)

s-.05 pin2

Y 3 2 09a3 *j 4 ?1 5

1 1g087 U60.6 4.2.59 53.10
2 18.'41 ?w.53 40*..Z 50.62
3 17.bS 2b.92 39.3? 4904.3

V 17.25 24.39 36.75 4.8.74.
5 lb.96 26.03 38.35 .6.29
6 16.7S Z7.Ts 36.06 #0.7097
7 1b66 2?*58 37.85* #7*74
9 *16.47 2 7 *ui 37.69 't7*56
9 Lb 9.36 27433 3.55 467041

LO 10.23 27.16o 37~ 44 #7.21
1L 16.10 27.1. 37e4.4 4.7.21
12 16.18 M9.9 37.28 1*7 0171
13 16.13 27.0. 37*22 4.70
14 16.01 26.ii 37.16 4.7.08
Is 16.Q~i 2609. 37.12 46.94
16 16.02 26.10 37.07 4.6.90
L? UP 099 26.87 37.04 4.6.66
19 1.'39. 26o61 36971 4.6.7
19 15.97i 26.841 37.91 4.6.82
20 15 o92 26.79 36.95 ##6.76
25 Vo 0 6 i 2*969 36.85 4.6.65
30 15.79 26..3 36.78 4.6.57
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TAKE 12 (CofltlflUd)

400.05 3

2 32.90 5.,6 7?'09 94.65
31.04 5Z.64 71030 9.92v-90 50.,*9 69.94 8.75 29.13 49,42 b~.,oi .l6. 28.56 "*us b?~e 8607 28.13 4066G 6690 15,21

4 27.79 '.7.61 6.3'. 84.55
3 27.5Z .7?.z' 65.89 84.0210 27.30 4U.9. b5.52 83.5711 21.1 4b.68 b5*ig 03.2112 Zb*9'. '*be"o 64.9'. 82.'13 26682 40.2? 64*47 8 2.631.0 Zu.0?g ;*6.*11 64.50 629,*o13; a6bo 4z.97 64.33 82.2016 Zb*51 4s.8. 61 .0.s
If 26,Z 45.73 *'..0'. 81.05is Ziao35 dvi*b 63&92 41,7119 26.28 4.S~4 @3.00 81.5826 t..22 4S*415 63.70 8041.

30 Zb.sj 4*.12 63.01 60078
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TABLE 12(COntinued)

6-.05 p 4

a a 2 (A-3 s x S

1 56@06 95.'J1 131.68 16'j.'.9

2 51071) 67sib 120.63 153.23

3 '.8..0 82.37 11'..4 1.5.'i6
4 -ob. 2o ?4 SiP11073 141.37
6 .4.77 77.23 108.05 138.13

6 4J.68 ?200? 106.08 135.7a
7 -02.6. 7..'., 104.s7 133.95

a 42.17 ?Soil 103.36 132.51

9 .1.6b3 72o74 102.39 131s33
12 %1019 72.10 101.57 130.37

it 40.82 710%6 100.49 129.64
12 40.68 ?1004~ 100.29 126.84

Uj 40.22 70.70 99.80 128.22

14 3v*97 TO@ 3z 99.36 127.70
3'i.?67 70.03 96.97 1Z7e23

is 39o i7 69.7?T 98.62 12b63

1? 3.3.41 b4952 98.31 12be4b

ILA 39.25 69.10 0.0'. 1Z6.13
11 39.12 43.610 97.79 125.82

2J Jbo.)- 6do32 97.55 125.54
25 3*opl 66.22 96.67 124.50

SO jests b767'. 96.07 123.76
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TABLE 12 (C4tinwd)

1 11.74 21..66 20.99 25,Ob2 11.bs 1.6 w 21. 1w 253

3 110a5? 16.75 12 5~4 11.45 2b.?52 21*32 2ai,6
114i 16.lb 2.1.j7 '25.99?10 11.43. 16.?b 21@409 25.9211.a.2 lb7 21.51 25.9s1 10* ii.., 1.. 21.52# 2b*6713 11.41 1667b 21.52 25.9014 11.43. lb-77 21.53o 25.9215 1142 to lb77 21.54. 25.0116 11.1.0 100le 21.52 25.oz13 11.40 lb.?? 21.52 25.9&

is 11040 Liz.78T 21.54 26.04116 11.30 16.74 21.57 26.05
29 11.39 16.78 21.57 26.8S25 11.38 16.79 21.9? 26,66

30 11.38 1607S U1.bt 26.11
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TABLE 12 (Contlnued)

a .01 p 2

* ~ 2 ~#3 c U 5

1 2S,93 3*o.7 50.55 61.80
2 2409.t 30o4.2 47.6. 58.76
3 22*4b 3S,.2? 46.55 57.32
1* 22.30 3'..59 45*79 5.0G49

.5 21.99 34.15 '.5.30 55.96
6 21.72 33.83 44'.9S 55.56
1 21@51 33060 '4.7?0 55.30
1 21.3S 330-.2 440'.9 O5.A8
3 21.23 33.27 4.4.34 54.92
10 21.12 33.16 '4.*21 54.78
11 21.00% 33.oS .'..10 54.66
12 20*.)7 32.98 *4o02 5495?
13 20.90 32.90 43.94 54.49
L4 20.6'. 32.6'. 43.67 54s42.
I5 20.60 32071 *3.62 54.36
IQ 20.76 42.7'. 43.77 54.31
I? 21.72 32.70 '.3.72 54.26
Is 20.69 32o6? '.3.68 S4.22
L9 20.66 32.63 43.64. 54.18
20 20.63 32.60 '.3.62 54.14
25 20.53 32.4A 43949 54.02
10 20@'.6 320'60 43.41 53.93
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TABLE 12 (CMtinueg)

0. -0.03L V 3

I 0504? 69662 92 *43 114,422 40*46o b3o7i 85.31 106,123 3o.10 60.66 ah1.;0 618
36*66 55.50 79J..g 9.

S16a5753 77.68 9? SJ,6 '.6 56,02 ?64 ?1 96*237 -e4 3..5 5.92 75.'*5 95,Z?a J#.00 5,.oJS 75.31 4,.S21 33.70 5.6~ ?4..7a 93*9312 330,41 51.09 74&.3b 93.144

1 P. 32.09-1 540.. 739b9 92.6713 32.42 5J.i2 73...3 92.3?1.0 3.o 6 ? 5S*62 73.20 92.10'I 32.55 5j..q 73.00 91.6?16 32.'3 51.3i 72.83 91%6?1? J243 3  53.16 720ba 91.1.8Id 32.24. 53.05 72.53 91.3219 32*16 52.3ip 72.44 91.1820 3200 52*66 72.29 91.05

Sl 31060 52.23 71.54 40.19
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TABLE 12 (Cont1n#ed)

u-.01 p =4

1 ~ 3 10994Z 146968 183.36
2 bl*32 J 9-01 13*..1 166.2.
3 57a 3S 93o43 127*28 160.05
40 5 9..75 3 6V@9 122.69 154.68

52.95 8?.... 119.37 I1030
Siobi a5.is 117..5 S48.66

7 50obZ 8v927 115.9', 1bob5
3 49ed2 83.18 l1vois 145.05
I **j 015 82.29 113.48 143.71.
la 45.6'. 61.56 112.57 142.68

11 46*21 od0ia. 111.80 11176
12 47*6 2 80.41 111.16 14099
IJ ..7...9 7404.5 110.56 140.31
1'. .7920 79.56 110.09 139.73
L3 .6.95 71,2Z0 109.66 13SJ*21

li 46.72 76.40 109*2e 138.77
17 -o6.O53 ?6*62 1086o44 138.3b
1a -*b.34 76*36 108.62 138.00
L1 46014 76.IS 18663S 137.16
20 -00403 ??it 108.09 137.37
2:; 45 6,b 77-1-t 10?.10 136e20
30 .. 0 ? 76.60 106.42 135.40
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